Abstract. Given either a simple algebraic group or a finite group of Lie type, of rank at least 2, and a maximal parabolic subgroup, we determine which non-trivial unipotent classes have the property that their intersection with the parabolic subgroup is contained within its unipotent radical. Such classes are rare; listing them provides a basis for inductive arguments.
Introduction
Let G be either a simple algebraic group or a finite group of Lie type, of rank greater than 1. Let P be a maximal parabolic subgroup of G, and Q be the unipotent radical of P . Let C be a non-trivial unipotent class of G. We say that C is a P -radical class of G if C \ P Q:
In this paper we determine all triples .G; P; C/ as above for which C is a P -radical class of G. In particular we shall see that such triples only arise in cases where the maximal parabolic subgroup P corresponds to an endnode of the underlying Dynkin diagram. The usefulness of this result is that it enables certain statements about unipotent elements in such groups to be proved by induction. Given G, P and Q as above, if P corresponds to an endnode of the underlying Dynkin diagram, then the quotient P =Q is also either a simple algebraic group or a finite group of Lie type as appropriate, of rank 1 less than the rank of G; if C is a non-trivial unipotent class of G which is not P -radical, it gives rise to non-trivial unipotent elements in P =Q.
The result presented here is used by Guralnick, Malle and Tiep in [6] to prove the following statements. Let p be a prime greater than 3. Firstly, Theorem 8.4 of [6] shows that, if H is an almost simple group, and x and y are non-trivial p-elements of H , then there exists h 2 H such that hx; y h i is not soluble; moreover if both x and y have order p, then there exists j 2 N such that xy j is not a 670 R. Lawther p-element. Secondly, Theorem 8.8 of [6] shows that, if H is a finite group containing p-elements x and y, such that H D hx H i D hy H i, and for all h 2 H the group hx; y h i is a p-group, then H is a (cyclic) p-group. Thirdly, Theorem 1.9 of [6] shows that, if H is a finite group with normal subsets C and D such that hC i D hDi, and for all .c; d / 2 C D the group hc; d i is a p-group, then hC i is a (normal) p-subgroup of G. (Note that this third result generalizes the Baer-Suzuki theorem.) The proofs of the second and third of these theorems begin by reducing to the case where H is almost simple; in all three cases the result then follows quickly if the socle of H is either alternating or sporadic, so one is left to treat finite groups of Lie type. The argument then subdivides according to the type of the elements concerned, which may be unipotent, semisimple or field automorphisms; in the first of these possibilities the proof proceeds by induction, using the result presented here.
The structure of the remainder of this paper is as follows. In Section 2 we set up notation and state our results; we shall concentrate almost exclusively on the case where G is a finite group of Lie type, since the result for G a simple algebraic group is an immediate consequence. In Section 3 we first explain our basic approach and prove a general result which shows that for most pairs .G; P / there is no P -radical class of G; we then work through the pairs .G; P / which remain to be considered.
Notation and statement of results
As explained above, we shall concentrate on the case where G is a finite group of Lie type. Accordingly, let G be a simple algebraic group over the algebraically closed field F p for p a prime, and F W G ! G be a Frobenius map. Let B be an F -stable Borel subgroup of G, and T be an F -stable maximal torus of G contained in B; let U be the unipotent radical of B and let N be the normalizer of T in G, and write W D N=T for the Weyl group of G with respect to
for the fixed point groups, and let W N ! W be the projection map.
Let q be the absolute value of all the eigenvalues of F on the character and cocharacter groups of T. Thus, writing X for the type of G, if G is untwisted, we have G D X.q/, while if G is twisted, we have G D 2 X.q 2 / or 3 D 4 .q 3 /. Moreover, q is a power of p unless G D 2 F 4 .q 2 /, 2 B 2 .q 2 / or 2 G 2 .q 2 /, in which case p D 2, 2 or 3 respectively and q 2 D p 2nC1 for some n 0.
Letˆbe the root system of G with respect to T, andˆC and † be the positive and simple systems determined by B. Given˛2ˆ, we write X˛for the corresponding root subgroup of G, and choose an isomorphism x˛W F p ! X˛.
We let the simple roots in † be˛1;˛2; : : : , where we use the numbering of [1] . Given a parabolic subgroup P of G containing B, with unipotent radical Q, we write P D P i;j;::: if the simple roots˛i ;˛j ; : : : are those whose corresponding root subgroups lie in Q.
If G is a Ree group 2 F 4 .q 2 /, we shall employ the notation for unipotent elements used by Shinoda in [7] (which for the convenience of the reader we repeat at the relevant point below). We therefore assume in the following paragraph that G is not a Ree group 2 F 4 .q 2 /.
As is explained in either [2] or [3] , the action of F on the root subgroups of G induces a permutation onˆC; this gives rise to a root systemˆof G, which is a quotient ofˆunder a certain equivalence relation. Let k be the rank ofˆ; we assume k > 1. If G is untwisted, thenˆis simplyˆ; if instead G is twisted, then according as
Givenˇ2ˆ, we write Xˇfor the corresponding root subgroup of G. We let the simple roots ofˆbeˇ1; : : : ;ˇk, where again we follow the numbering of [1] ; we write w i for the element of W given by reflection inˇi .
We use the following notation for certain elements of F p . We choose a generator of the multiplicative group F q 2 , and set
is irreducible over F q ; we take ; 2 F q 2 with q C D 0 and q C D 1; and we take 2 F q 3 n F q .
Our result for finite groups of Lie type is then the following.
Theorem 1. Let G be a finite group of Lie type of rank greater than 1, P be a maximal parabolic subgroup of G and C be a non-trivial unipotent class of G; then C is a P -radical class of G if and only if it is listed in Table 1 .
Note that each triple .G; P; C/ for which C is a P -radical class of G is listed only once in respectively. For clarity, however, when p D 2, we treat B k .q/ and C k .q/ separately, even though the groups are isomorphic. For the remainder of this section only, we treat the case where G is a simple algebraic group. Our result is as follows.
Theorem 2. Let G be a simple algebraic group of rank greater than 1 defined over an algebraically closed field of characteristic p 0, P be a maximal parabolic subgroup of G and C be a non-trivial unipotent class of G; then C is a P -radical class of G if and only if one of the following holds:
(i) .G; P / D .C k ; P k / or .G 2 ; P 2 /, and C is the class of long root elements,
(ii) .G; P; p/ D .B k ; P k ; 2/ or .G 2 ; P 1 ; 3/, and C is the class of short root elements.
Again, the cases where 
Proof of the main theorem
Our proof of Theorem 1 will be spread over several results. As stated in the introduction, we first establish a general result which shows that for most pairs .G; P / there is no P -radical class of G. We then work through the pairs .G; P / not covered by this result to determine which classes are P -radical; for convenience we take together those in which the root system of G is of the same type. We start with a few comments about our approach in much of what follows. Given the parabolic subgroup P and its unipotent radical Q, to determine the P -radical classes of G it clearly suffices to consider classes meeting Q. We shall often regard elements of Q in the following way. Given a positive root ı 2ˆ, we say that ı is in Q if X ı < Q. Choose an ordering of the roots in Q. Any nonidentity element x of Q may then be written uniquely as a product of root elements with roots in the given order; given a root ı in Q, we say that x contains ı if the projection on the root subgroup X ı is non-trivial. If x contains ı, and contains no root in Q earlier than ı in the ordering, we say that x begins with ı.
Our basic approach will be to begin with an arbitrary element x of Q n ¹1º and successively replace it by a conjugate in order to gain control over the roots contained in it; when we say 'conjugating x by g we may assume. . . ' we mean 'replacing x by its conjugate g 1 xg we may assume. . . '. If the element by which we conjugate x lies in N , we may in fact say that we conjugate x by a Weyl group element; this slight abuse of language is harmless when determining whether or not the class x G is P -radical, because if n; n 0 2 N satisfy .n/ D .n 0 / 2 W , then x n and x n 0 contain the same roots.
Our general result is now the following. Proposition 3.1. Assume G ¤ 2 F 4 .q 2 /, and let P be a maximal parabolic subgroup of G. If the corresponding node of the underlying Dynkin diagram has a neighbour to which it is joined by a single bond, then G has no P -radical class.
Proof. Let the simple root corresponding to P beˇi , and supposeˇj is another simple root such that the nodes of the Dynkin diagram corresponding toˇi anď j are joined by a single bond; note that in particular this implies that the group hX˙ˇi ; X˙ˇj i is of type A 2 . Choose an ordering of the roots in Q which is compatible with height. Take x 2 Q n ¹1º, and let the root with which x begins be ı; we use induction on the height of ı to show that the class x G is not P -radical.
First suppose ht.ı/ D 1; this can only happen if ı Dˇi . Here we may first conjugate by an element of the root subgroup Xˇj to make the projection on the root subgroup Xˇi Cˇj trivial, then conjugate by w j to give an element beginning witȟ i Cˇj , and finally conjugate by w i to give an element of P n Q. Now suppose instead that ht.ı/ > 1; in this case choose k such that ht.w k .ı// < ht.ı/, and let y be the conjugate of x by w k . If y … Q (which can only happen if k D i ), then as y still lies in the product of the positive root groups we have y 2 P n Q. If instead y 2 Q, then it begins with a root of height less than ht.ı/, so by induction we have the result.
Since the Dynkin diagram of an irreducible root system can have at most one multiple bond, Proposition 3.1 immediately implies that if P does not correspond to an endnode of the Dynkin diagram, there can be no P -radical classes. Indeed, in view of the comment made after the statement of Theorem 1 about treating cases only once, the pairs .G; P / left to be considered are as follows: Before considering these, we make the following simple observation. If x G is not a P -radical class, there exists g 2 G with x g 2 P n Q; using the Bruhat decomposition we may write g D unv where u; v 2 U and n 2 N , and since v 2 P and Q C P , we have x un 2 P n Q. Thus if we can show that for all u 2 U and n 2 N we have x un … P n Q, then x G is a P -radical class of G. We shall make frequent use of this criterion.
In addition, we recall that the root systemˆis a quotient ofˆunder an equivalence relation, which is determined by the permutation ofˆC induced by the Frobenius map F . Each equivalence class is a positive system of type A 1 , A 1 2 , A 1 3 , or A 2 . In the first three cases the equivalence class is a single -orbit. In the last, however, it is a union of two -orbits; this is the only type of root for which the corresponding root subgroup of G is non-abelian, and it occurs only if
For use in the proofs of the next three propositions, we introduce an abbreviated notation for elements of root subgroups of G. Givenˇ2ˆ, we shall write either xˇ.t/ or xˇ.t; u/ for elements of Xˇas follows: setting S ˆto be the equivalence class corresponding toˇ, if S D ¹˛º is of type A 1 , we write
if S D ¹˛; .˛/º is of type A 1 2 , we write
if S D ¹˛; .˛/;˛C .˛/º is of type A 2 , we write
where in the first three cases t lies in F q , F q 2 or F q 3 respectively, and in the fourth t and u lie in F q 2 with u q C u D t qC1 (for an appropriate choice of structure constants; there is some ambiguity over the choice of˛in the second, third and fourth cases here, but this will not create difficulties). Note that in the fourth case we have
In addition, at times we shall use the standard notation: for t ¤ 0 we set
and we write nˇD nˇ.1/. We now begin working through the pairs .G; P /.
then the P -radical classes of G are precisely those listed in Table 1 .
Proof. In each of these cases the root systemˆis of type B k , whose simple roots we shall write as 1 2 ; 2 3 ; : : : ; k 1 k ; k (where 1 ; : : : ; k form an orthonormal basis of a k-dimensional Euclidean space), and the roots in Q are i for 1 Ä i Ä k and i C j for 1 Ä i < j Ä k. Our ordering on these will begin with the short roots in the order k ; k 1 ; : : : ; 1 ; among the long roots, i C j will precede i 0 C j 0 if .j; i / is later than .j 0 ; i 0 / in the lexicographical ordering.
Take
Conjugating by an element of hw 1 ; : : : ; w k 1 i, we may assume the short roots contained in x are r ; : : : ; 1 . If x contains a long root i C j with j > r, conjugating by w j w j C1 : : : w k gives an element of P n Q; so we may assume x contains no such long root.
From this point on the details differ in the various cases, so we shall subdivide the argument. First suppose G D B k .q/. If r > 1, we may conjugate by an element of X r 1 r to make the projection on X r 1 trivial, contrary to assumption; thus r D 1, and so x 2 X 1 . If p ¤ 2, we may conjugate by an element of X k to ensure 1 C k is contained in x, and then conjugating by w k gives an element of P n Q. If however p D 2, then x 2 Z.U /; so for all u 2 U and n 2 N we have x un D x n 2 Xˇfor some short rootˇ, and as all short root subgroups in P lie in Q we see that x G is P -radical. In this case, conjugating by an element of N we obtain the class representative x k .1/ D x˛k .1/ given in Table 1 .
Next suppose G D 2 D kC1 .q 2 /. If r < k, we may conjugate by an element of X k to ensure 1 C k is contained in x, and then conjugating by w k gives an element of P n Q. Thus we may assume r D k; for i D 1; : : : ; r let the projection of x on X i be x i .t i /, with t 1 ; : : : ; t r 2 F q 2 n ¹0º. Given 1 Ä i < j Ä r and u 2 F q , conjugation by x i j .u/ changes the coefficient in X i from t i to t i C t j u; the minimality of r therefore forces t i and t j to be linearly independent over F q . Thus if r 3, since t 2 and t 3 are linearly independent over F q , we can choose u; u 0 2 F q with t 1 C t 2 u C t 3 u 0 D 0, and then conjugation by x 1 2 .u/x 1 3 .u 0 / gives an element with trivial projection on X 1 , contrary to assumption. Thus we must have r D k D 2, and x D x 2 .t 2 /x 1 .t 1 /x 1 C 2 .s/ for some s 2 F q . Now for all u 2 U we have x u D x 2 .t 2 /x 1 .t 1 0 /x 1 C 2 .s 0 / with t 2 ; t 1 0 ¤ 0; thus given n 2 N , we have x un 2 Q if .n/ D 1 or w 1 and x un … P otherwise, and so x G is P -radical. By conjugating if necessary by an element of X 1 2 followed by n 1 2 , we may assume that t 2 is a square; then conjugating by an element of T we may assume that t 2 D 1. Now conjugating by an element of X 1 2 followed by an element of T which preserves the value of t If r > 1, we may conjugate by an element of X r 1 r to make the projection on X r 1 trivial, contrary to assumption; thus r D 1, and so x 2 Z.X 1 /. We then have x 2 Z.U /; so for all u 2 U and n 2 N we have x un D x n 2 Xˇfor some short rootˇ, and so as above x G is P -radical. Conjugating by an element of N , we obtain the class representative x k .0; / D x˛k C˛k C1 . / given in Table 1 . Now suppose t i ¤ 0 for some i ; let j be maximal with t j ¤ 0. If j > 1 we may conjugate by an element of X j 1 j to ensure t j 1 D 0, and then conjugate by w j 1 to give t j D 0 ¤ t j 1 ; iterating, we may assume j D 1. If r < k, we may conjugate by an element of X k to ensure x contains 1 C k , and then conjugating by w k gives an element of P n Q; so we may assume r D k. Now if r > 2, we may conjugate by an element of X r 1 r to make the projection on X r 1 trivial, contrary to assumption; thus r D k D 2 and x D x 2 .0; u 2 /x 1 .t 1 ; u 1 /x 1 C 2 .s/ for some s 2 F q 2 . Now for all u 2 U we have
for some u 1 0 ; s 0 2 F q 2 ; thus given n 2 N , we have x un 2 Q if .n/ D 1 or w 1 and x un … P otherwise, and so x G is P -radical. We may conjugate by an element of X 1 2 to ensure s D 0; then conjugating by an element of T and a root element in X 1 we obtain the class representative then the P -radical classes of G are precisely those listed in Table 1 .
Proof. In each of these cases the root systemˆis of type C k , whose simple roots we shall write as 1 2 ; 2 3 ; : : : ; k 1 k ; 2 k (where 1 ; : : : ; k form an orthonormal basis of a k-dimensional Euclidean space), and the roots in Q are 2 i for 1 Ä i Ä k and i C j for 1 Ä i < j Ä k. Our ordering on these will begin with the long roots in the order 2 k ; 2 k 1 ; : : : ; 2 1 ; among the short roots, i C j will precede i 0 C j 0 if .j; i / is later than .j 0 ; i 0 / in the lexicographical ordering. Take x 2 Q n ¹1º; we may assume that x contains r long roots and no element of x G \ Q contains fewer than r. If r D 0, after conjugating by an element of hw 1 ; : : : ; w k 1 i we may assume x contains k 1 C k , and then conjugating by w k gives an element of P nQ; thus we may assume r 1. Conjugating by an element of hw 1 ; : : : ; w k 1 i, we may assume the long roots contained in x are 2 r ; : : : ; 2 1 . If x contains a short root i C j with j > r, conjugating by w j w j C1 : : : w k gives an element of P n Q; so we may assume x contains no such short root.
We now subdivide the argument. First suppose G D 2 A 2k 1 .q 2 / or 2 A 4 .q 2 /. If r > 1, we may conjugate by an element of X r 1 r to make the projection on X 2 r 1 trivial, contrary to assumption; thus we must have r D 1, and so x 2 X 2 1 . If G D 2 A 4 .q 2 /, we may conjugate by an element of X 2 2 to ensure x contains 1 C 2 , and then conjugating by w 2 gives an element of P n Q. If on the other hand G D 2 A 2k 1 .q 2 /, we have x 2 Z.U /; so for all u 2 U and n 2 N we have x un D x n 2 Xˇfor some long rootˇ, and as all long root subgroups in P lie in Q we see that x G is P -radical. Conjugating by an element of N , we obtain the class representative x 2 k .1/ D x˛k .1/ given in Table 1 . Now suppose G D C k .q/. First suppose r D 1; then we have x 2 X 2 1 , so x 2 Z.U /, and hence for all u 2 U and n 2 N we have x un D x n 2 Xˇfor some long rootˇ, and so as above x G is P -radical. Conjugating by an element of N , we obtain one or other of the two class representatives
(the latter needed only if p ¤ 2) given in Table 1 . Now suppose r > 1. For j D r; r 1; : : : ; 2 we may conjugate by an element of Q i<j X i j to ensure x does not contain the short roots i C j for i < j ; thus x D x 2 r .t r / : : : x 2 1 .t 1 / for some t 1 ; : : : ; t r 2 F q n ¹0º. If 1 Ä i < j Ä r, conjugation by x i j .c/ changes the coefficient in the root subgroup X 2 i from t i to t i C t j c 2 ; thus the minimality of r forces t i =t j to be a non-square (so in particular p ¤ 2). Now if r 3, we must have t 1 =t 2 , t 2 =t 3 and t 3 =t 1 all non-squares, and therefore their product 1 is a non-square; however conjugation by x 2 3 .c/x 1 2 .d / changes the coefficient in the root subgroup X 2 1 from t 1 to t 1 C .t 2 C t 3 c 2 /d 2 , so that t 1 =.t 2 C t 3 c 2 / must be a non-square for all c, and hence .t 2 C t 3 c 2 /=t 2 D 1 C .t 3 =t 2 /c 2 must be a square for all c, which is impossible. Thus r D 2, and
Now for all u 2 U we have
for some t 1 0 2 F q n ¹0º and some s 2 F q 2 ; thus given n 2 N , we have x un 2 Q if .n/ D 1 or w 1 and x un … P otherwise, and so x G is P -radical. Conjugating by a Weyl group element, we may assume x D x 2 k .t/x 2 k 1 .t 0 / with t 0 =t a nonsquare. If t is a non-square, we may choose c 2 F q such that t 0 Ctc 2 is a square and conjugate x firstly by x k 1 k .c/ to change the coefficient in X 2 k 1 to t 0 C tc 2 , then by w k 1 to interchange the coefficients in X 2 k and X 2 k 1 , and finally by a further element of X k 1 k to ensure the coefficient in X k 1 C k is zero. Thus we may assume t is a square, and hence t 0 is a non-square; now conjugating by an element of T we obtain the class representative Table 1 .
For the remaining cases we shall adopt a different approach; instead of beginning with an arbitrary element of Qn¹1º and conjugating in order to obtain control over the roots contained in it, our starting point will be a set of unipotent class representatives. It clearly suffices to consider non-regular unipotent classes.
Proof. In each of these cases the root systemˆis of type G 2 . Since the familiar notation for this root system has simple roots a (short) and b (long), we shall employ this here, and accordingly will write w a and w b for the corresponding simple Weyl group reflections. We shall need the notation already established for certain elements of F p ; moreover if p D 2, we shall write Á for an element of F q such that X 2 C X C Á is irreducible over F q . First suppose G D G 2 .q/. According to Chang in [4] for p 5 and Enomoto in [5] for p 2 ¹2; 3º, there are five non-trivial non-regular unipotent classes; we may take representatives u 1 ; : : : ; u 5 , where
First take P D P 1 , so that the only positive root outside Q is b. Conjugating u 1 by w b w a gives an element of P n Q. If p ¤ 3, conjugating u 2 by x a .1/ gives an element containing 3a C b, and then conjugating by w a gives an element of P n Q; if instead p D 3, then u 2 2 Z.U /, so for all u 2 U and n 2 N we have u 2 un D u 2 n 2 Xˇfor some short rootˇ, and as all short root subgroups in P lie in Q, we see that u 2 G is P -radical. Conjugating u 4 , or u 3 if p ¤ 2, by w a gives an element of P n Q; if p D 2 and q > 2, conjugating u 3 by x a .t/ for t 2 F q n F 2 gives an element containing 3a C b, and then conjugating by w a gives an element of P n Q; if however q D 2, then for all u 2 U we have
and then for all n 2 N it follows that u 3 un is either in Q or outside P , and thus u 3 G is P -radical. Finally if p ¤ 3, then u 5 2 P n Q, while if p D 3, conjugating u 5 by w b w a gives an element of P n Q. Now take P D P 2 ; this time the only positive root outside Q is a. We have u 1 2 Z.U /, so for all u 2 U and n 2 N we have u 1 un D u 1 n 2 Xˇfor some long rootˇ, and as all long root subgroups in P lie in Q we see that u 1 G is P -radical. Conjugating u 2 by w a w b , or u 3 or u 4 by w b , gives an element of P nQ. If p D 3, conjugating u 5 by w a w b gives an element of P nQ; if instead p ¤ 3, for all u 2 U we see that u 5 u contains both b and 3a C b but not a, and then for all n 2 N it follows that u 5 un is either in Q or outside P , and thus u 5 G is P -radical. Now suppose G D 3 D 4 .q 3 /. According to Spaltenstein in [8] , there are again five non-trivial non-regular unipotent classes, which he denotes
and D 4 .a 1 / (the third and fourth arising from a single G-class denoted A 2 ), with centralizer orders q 12 .q 6 1/, q 10 .q 2 1/, 2q 8 .q 2 C q C 1/, 2q 8 .q 2 q C 1/ and q 6 respectively; however, he fails to give explicit representatives. We claim that we may take representatives u 1 ; : : : ; u 5 , where
To begin with, we find that the elements u 1 , u 2 , u 3 and u 5 have different Jordan structures on the natural 8-dimensional module for G, so as none of these elements is regular, they must represent the four G-classes concerned. Next u 1 2 Z.U /, so u 1 must represent the class A 1 ; then u 2 U D u 2 X 3aCb X 3aC2b , so jC U .u 2 /j D q 10 and hence u 2 must represent the class 3A 1 ; it is straightforward to see that
so u 3 must represent the class A 2 0 ; finally u 5 must represent the class D 4 .a 1 /. (Indeed, in all four cases it is not difficult to see that the order of the G-centralizer is as given by Spaltenstein.) This leaves the identification of a representative for the class A 2 00 . Here we find that the calculation of the order of the G-centralizer is considerably more involved than in the other cases; we therefore proceed in a different fashion. We recall the result of Springer and Steinberg in [9, I, 2.7(b)]; in its application to the G-class A 2 , which meets G in the G-classes A 2 0 and A 2 00 , it shows that, since we have u 3 in the G-class A 2 0 , we may obtain a representative u 4 of the G-class A 2 00 by locating h 2 G with hF .h/ 1 2 C G .u 3 / n C G .u 3 / ı and setting u 4 D u 3 h . Here we have
We find that it suffices to work inside G F 2 D 3 D 4 .q 6 /; in the following paragraph we shall use the notation xˇ.t/ for an element of the root subgroup Xˇof this larger group.
If p D 2, we write Â for an element of
we have
and
If instead p ¤ 2, we first set g D x a .1/x 3aCb . 
This completes the identification of representatives of the non-regular unipotent classes of G.
We now return to the determination of P -radical classes. First take P D P 1;3;4 , so that the only positive root outside Q is b. Conjugating u 1 by w b w a gives an element of P n Q. Conjugating u 2 by x a .t/, where t q 2 C t q C t ¤ 0, gives an element containing 3a Cb, and then conjugating by w a gives an element of P nQ. We have u 3 , and u 4 if p ¤ 2, in P nQ; if p D 2, conjugating u 4 first by an element of X a if necessary to ensure the projection on X 3aCb is non-trivial, and then by w a gives an element of P n Q. Finally, for all u 2 U we see that u 5 u contains both a and a C b but not b, and then for all n 2 N it follows that u 5 un is either in Q or outside P , so u 5 G is P -radical. Now take P D P 2 , so that a is outside Q. We have u 1 2 Z.U /, so for all u 2 U and n 2 N we have u 1 un D u 1 n 2 Xˇfor some long rootˇ, and as all long root subgroups in P lie in Q, we see that u 1 G is P -radical. Conjugating u 2 , or u 4 if p ¤ 2, by w a w b gives an element of P n Q; if p D 2, conjugating u 4 by w b gives an element of P n Q. Conjugating u 3 by x a . 1/ gives
and then conjugating by w a w b gives an element of P nQ. Finally u 5 2 P nQ.
Finally we turn to the cases where G D 2 F 4 .q 2 /. We begin by recalling the notation employed by Shinoda in [7] , as this is used in Table 1 . First we shall write elements of the root system of type F 4 as linear combinations of simple roots, and represent them as quadruples of coefficients arranged as in a Dynkin diagram; thus for example a typical element of the root subgroup corresponding to the high root is written x 2342 .t /. Now write q 2 D 2 2nC1 , and set Â D 2 n so that q 2 D 2Â 2 .
The Weyl group is dihedral of order 16, generated by w a D w 1000 w 0001 and w b D .w 0100 w 0010 / 2 :
These elements act as follows: the element w a sends˛3.t/ outside U , fixes˛1 0 .t/, and interchanges˛1.t / with˛4.t/,˛2.t / with˛8.t/,˛5.t/ with˛6.t/,˛7.t/ with Lemma 3.5. With the notation established, the polynomial X 2Â C1 C X 2Â C 1 has a root in F q 2 if and only if q 2 Á 1 mod 7.
, and so the multiplicative group F q 2 has an element of order 7, whence q 2 Á 1 mod 7. Conversely suppose q 2 Á 1 mod 7; then 3j2n C 1, so we may write n D 3m C 1, and then
so we may write 2Â D 7`C 4. Since F 8 is a subfield of F q 2 , it follows that the polynomial X 3 C X C 1 has a root x in F q 2 ; then x 7 D 1, and so
whence x is a root of f .X /.
We may now determine the P -radical classes of 2 F 4 .q 2 /. then the P -radical classes of G are precisely those listed in Table 1 .
Proof. The representatives of non-regular unipotent classes given in [7] First take P D P 1;4 , so that
We have u 9 ; : : : ; u 14 2 P n Q; conjugating u 1 , u 3 , u 4 or u 6 by w a w b w a , u 5 or u 8 by w a , or u 7 by w b w a , gives an element of P n Q; finally, conjugating u 2 by˛1.1/ gives˛1 0 .1/˛1 1 .1/, and then conjugating by w b w a gives an element of P n Q. Now take P D P 2;3 , so that
We have u 13 ; u 14 2 P n Q; conjugating u 2 by w b w a w b , or u 5 or u 6 by w b , gives an element of P n Q. Conjugating u 3 or u 4 by˛4.1/ gives˛5.1/˛9.1/˛1 2 .1/ or˛5.1/˛9.1/ respectively, and then conjugating by w a w b gives an element of P n Q. Conjugating u 7 by˛4.1/ gives˛5.1/˛9.1/˛6.1/, and then conjugating by w a w b gives an element of P n Q. Conjugating u 8 by˛1.1/ gives 5 .1/˛6.1/˛7.1/˛8.1/˛9.1/˛1 1 .1/˛1 2 .1/; and then conjugating by w b gives an element of P nQ. We have u 1 2 Z.U /, so for all u 2 U and n 2 N we have u 1 un D u 1 n D˛1 2 .t/,˛1 1 .t/,˛8.t/,˛2.t/ or an element outside P , and so u 1 G is P -radical. If x D u 10 , u 11 or u 12 , then for all u 2 U we have x u 2˛2.1/˛4.1/¹ Q i>4˛i .t i /º; given n 2 N , we have x un 2 Q if .n/ D 1 or w a and x un … P otherwise, and so x G is P -radical. Finally consider x D u 9 ; if we write u D˛1. is a root of X 2Â C1 C X 2Â C 1 and t 4 is such that t 3 C t 3 2ÂC1 C t 3 2Â t 4 ¤ 0, and then conjugating x u by w a w b gives an element of P nQ; if however q 2 6 Á 1 mod 7, then given n 2 N , we have x un 2 Q if .n/ D 1 or w a and x un … P otherwise, and so u 9 G is P -radical.
This completes the proof of Theorem 1.
